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This paper develops a new guidance logic for a vehicle to converge to a specified, desired path of general shape in

three dimensions. Conditions are found that ensure exponential convergence to the path for any initial vehicle

position and velocity vector, excluding only the velocity vector normal to the desired path. The guidance logic

includes a ghost vehicle that follows the desired path. The command accelerations are derived from fictitious forces

that act in a frame of reference thatmoves with the ghost. The forces comprise a springlike force between vehicle and

ghost andadrag force created by afictitiousmedium thatmoveswith the ghost. Themotion of the ghost is determined

indirectly by a nonlinear constraint that controls the real vehicle speed and leads to a differential-algebraic system of

equations. The path equations are formulated in terms of differential geometry, inwhich time is replaced by distance

along the vehicle path. The geometric equations are transformed into standard formdifferential equations. These are

transformed again into kinetic equations for both a fixedmedium and amovingmedium. The transformed equations

provide more explicit formulas for command accelerations and are used to ensure that commands do not exceed

the capabilities of the vehicle. Often, the vehicle limitation is more constraining than the convergence conditions.

Simulations of a miniature aircraft, using these equations, illustrate the effectiveness of the method. Other methods

are compared.

Nomenclature

eP = tangent unit vector to desired path
F = effective force on vehicle in frame of reference

of ghost, m=s2
�F = part of curvature vector of vehicle path, m�1

r = position vector of vehicle, m
rD = position vector of vehicle relative to ghost, m
rP = position vector of ghost, m
s = distance along desired path, m
t = time, s
U = velocity vector of vehicle relative to medium, m=s
U = speed of vehicle relative to medium, m=s
u = tangent vector to vehicle path
uP = velocity vector of ghost for unit vehicle speed
V = velocity vector of vehicle, m=s
V = speed of vehicle, m=s
W = velocity vector of wind, m=s
W = speed of wind, m=s
w = speed of ghost, m=s
� = ratio of speed of ghost to speed of vehicle
�, � = spherical polar angles of vehicle velocity vector, rad
� = curvature of vehicle path, m�1

�P = curvature of desired path, m�1

� = rate constant, s�1

� = parameter in vehicle path curvature, m�1

� = distance along vehicle path, m
�D = angular velocity vector of link, rad=s

I. Introduction

T HE essence of the path tracking (or path following) problem, in
its simplest form, may be stated as follows: devise a simple real-

time guidance law that will cause an ideal vehicle to converge to a
defined path. The defined path is a general space curve, satisfying
suitable smoothness conditions. Convergence is required for a
suitably large set of initial conditions. The speed of the vehicle is not
to be constrained by the guidance law but controlled independently;
the simplest case being constant speed. This problem has proved to
be quite challenging and continues to be a topic of research. Potential
applications include the safe operation of ships and aircraft.

The guidance equations specify command accelerations that are
applied to the vehicle. The present paper is concerned only with this
outer-loop guidance. There are well-researched inner-loop methods
[1] for implementing these commands in the vehicle. Alternative
methods (not studied here) have been developed for combining
the inner and outer loops [2–5], but these are usually more complex
to use in real applications. In either method, the vehicle needs con-
tinuous accurate information about its position and velocity, which
might be provided by an inertial navigation system (INS) and the
Global Positioning System (GPS).

The traditional method for path following is based on a
proportional-integral-derivative (PID) linear controller. This is
effective for small deviations in distance or heading from straight
defined paths. For aerial vehicles, it is important to allow for the
effects of wind. The traditional method has no intrinsic wind com-
pensation. It continually tries to counteract tracking errors caused by
the wind, but recent methods perform better on curved paths. The
nonlinear method of [6] can accommodate large deviations from
straight paths between waypoints.

Another approach is to construct a vector field associated with
each part of a defined path [7,8]. The method compensates naturally
for wind. Fields have been constructed for tracking a straight path
and a circle, in planar motion. Global convergence is proved in these
cases, but limits on the turning capability of the vehicle are not
included in the proofs. To track toward a path consisting of straight
lines and arcs of circles, fields are switched on and off. Paths in the
shape of a figure eight require multivalued fields. It is also com-
plicated to construct fields suitable for general defined paths.

Another approach involves following an imaginary point on the
desired path [9–13]. A recent version [14–16] of this method has
appealing simplicity and provides tight tracking to straight paths and
circles for planar motion. The guidance logic is based on ground
speed (inertial speed) and compensates naturally for wind. The proof
of convergence in [16] allows for limitations on the turn radius of the
vehicle. However, if the vehicle is at a distance greater than the circle
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radius, it does not converge to the circle. Guidance does not exactly
track the transition between a straight path and a circle and does
not converge exactly to paths of other shapes. Tracking is usually
close for general defined paths and, for many purposes, it might
be satisfactory. The performance of traditional methods is also
illustrated in [14].

The guidance logic presented here overcomes some of the
limitationsmentioned. It isequallyapplicable toall three-dimensional
(3-D) smooth defined paths. Convergence can be proved under fairly
general conditions. Amovingmedium does not influence the vehicle
path, relative to the fixed earth frame, within the natural physical
limits. Turning capabilities of the vehicle are accommodated in a
simplified way. Like the method of [14–16], it involves a moving
reference point on the defined path. The motion of this reference
point, or ghost vehicle, is coupled to the motion of the real vehicle
by a fictitious mechanical link. In [14–16], this link has fixed length.
In thenewlogic, the link is springlike and supplementedbyafictitious
drag force.

The desired path might be constructed by simple empirical rules
and might comprise circular arcs and straight paths. Current research
uses the mathematical methods of optimal control theory to plan safe
energy-efficient paths for aircraft [17–19] and spacecraft [20,21].
Thesemethods do not control the vehicle but can be supplemented by
path-following guidance of the type described here.

The paper is organized as follows. Section II defines the new
guidance logic. Section III describes the relative motion of the
vehicle and the ghost. Section IV formulates convergence in terms of
this relative motion. Sections V, VI, and VII obtain initial conditions
and rate parameter values that ensure convergence. Section VIII
provides a simple analysis of tracking to a circle in planar motion.
Section IX gives the geometric equations of the vehicle path in
standard differential form. Section X estimates the rate parameter
values consistent with vehicle maneuver capabilities by analyzing
the curvature of the path. Section XI gives the kinetic guidance
equations in standard form for a fixed or moving medium.
Section XII gives conclusions and discusses extensions. The paper
follows the convention from kinematics, for which the velocity
is a vector and the speed is the magnitude of the vector.

II. Guidance Logic

As mentioned, the vehicle speed should not be determined by the
guidance logic but chosen independently. This is achieved here by
first defining the vehicle path Q geometrically. Then, the vehicle
motion is superimposed on Q. Different vehicle speeds, including
variable speeds, can thus be superimposed on the same Q. Some
resulting equations ofmotion are given in Sec. XI, but before that, the
description is essentially geometric.

The purpose of the guidance logic is to generate aQ that converges
toward and ultimately coincides with a specified 3-D pathP. LetP be
a rectifiable curve parameterized by its local position vector rP�s�,
where s is the distance along P. The curve Q is also required to be
rectifiable and is parameterized by its local position vector r���,
where � is the distance alongQ. With every �, one associates an s���
(which will be defined), and so every point on Q has an associated
point onP. Such points are said to be linked, and rP�s���� is called the
reference point, corresponding to r���. Formally, the objective is to
construct a Q such that

jr��� � rP�s����j ! 0 (1)

as � !1. This implies that, under suitable smoothness conditions,
the tangent vectors to the paths also converge, and so Q merges
with P asymptotically. Then, a vehicle moving forward on Q will
ultimately followP. The geometric definition ofQ in Sec. II.Amight
appear somewhat abstract. However, it is motivated by kinetic
concepts, which are described in Sec. II.B.

A. Geometric Definition of Q

The shape of a space curve is completely defined by specifying its
curvature vector [22] at every point on the curve. A derivative with

respect to � is denoted by an overdot, and a derivative with respect to
s is denoted by a prime (0). In the new guidance logic,Q is defined by
the curvature vector:

�r� �F� �rP (2)

where

�F���2rD � 2�_rD (3)

The deviation rD � r � rP is the relative position of the linked
points, and �> 0 is a parameter affecting the rate of convergence.
One can write _rD � u � uP, where u� _r is the unit vector along the
forward tangent to Q, and

u P � _rP � _seP (4)

where eP � r0P is the unit vector along the forward tangent to P.
Equation (2) has 4 degrees of freedom, comprising s and the three
components of r, and determines only the relative position of the
linked points. However, the requirement that u be a unit vector
imposes an additional constraint:

juj � 1 (5)

This removes the degree of freedom associated with the distance
s���, and so this function is implicitly defined. Then,Q is completely
determined by a point and a tangent at a given � (say � � 0). We
call this adaptive link (AL) guidance, because the location of the
reference point is not specified directly butmust adapt so as to satisfy
Eq. (5).

Equations (2) and (5) form a nonlinear differential-algebraic
system, with state variables r, u, and s. It is possible to solve these
equations by numerical methods [23], but they will be transformed
into ordinary differential equations (Sec. IX), for which the numeri-
cal solution is much simpler.

Equation (2) may be written as

�r D � 2�_rD � �2rD � 0 (6)

which resembles proportional and derivative (PD) control [14,16].
The constraint in Eq. (5) means that the guidance differs markedly
from typical PD guidance [14], which is designed to converge to a
straight P, with Q nearly parallel to P. The present guidance logic
allows any direction for Q, with the single exception of the normal
to P, as will be shown. However, Eq. (5) greatly complicates the
equations and the analysis of convergence.

We consider a class of P, for which eP�s� is continuous, called
continuously differentiable curves [24]. Equation (2) involves the
curvature vector e0P of P [22], but we do not require that this
derivative exists (i.e., be continuous) everywhere. Rather, we require
that in any finite interval (of fixed length), the derivative exists,
except at a finite number of points or values of s. (The fixed length
condition is to ensure that intervals do not become arbitrarily small
as s!1 in open curves of infinite length.) At the exceptional
points, we require that the one-sided derivatives exist, where e0P is
interpreted as a left or right derivative; the choice does not matter.
This admits, for example, a path that leaves a circle on a straight line
tangent, for which e0P is discontinuous at the point of tangency.

We also suppose that e0P is bounded and possesses only a finite
number of maxima andminima on finite intervals of values s of fixed
length. These Dirichlet conditions imply that the Riemann integral
of e0P, namely eP, exists and is therefore continuous, as specified
previously. This is an essential condition for Theorem1. Incidentally,
the conditions also imply that, on intervals of P, e0P can be repre-
sented by a Fourier series that converges (pointwise) to e0P at points s
of continuity [24].More general paths can be accommodated, such as
an e0P of bounded variation [24], but the class of paths chosen is more
than adequate for this application.

In practice, the achievable curvature � of Q will be limited by the
vehiclemaneuverability, with the limitation depending on the type of
vehicle, the speed of the vehicle, the type of maneuver, and the
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medium. The effects of constraints on � are studied in Sec. X.
Although a real vehicle will not be able to change its � dis-
continuously, this smaller effect is not considered here.

B. Kinetic Interpretation

The path Q has been defined by differential equations, with � as
the independent variable. Thus, Q is a space curve defined by its
differential geometry. The definition might seem rather formal and,
perhaps, somewhat obscure. However, the equations are motivated
by kinetic concepts, and the ideas become clearer if cast in these
terms. This is done by considering a vehiclemovingwith a unit speed
along Q. Then, � is also the time expired. Likewise, we consider a
ghost vehicle at rP moving alongP, as sketched in Fig. 1. Then, s���
is the distance travelled by the ghost at time �. Now, u is interpreted
as the velocity vector of the vehicle, uP � _seP is the velocity of the
ghost, and _s is its speed. Also, �r� _u is interpreted as the command
acceleration on the vehicle. Equation (5) implies that the acceleration
_u is purely lateral, and produces only turning, in any plane.
Equivalently, the vehicle has a notional unit mass and is driven by the
Newtonian Eq. (2). This implies that, in a frame of reference that

moves with the ghost, the vehicle feels a total force �F, comprising a
spring force ��2rD directed toward the ghost and a drag force
�2�_rD directed along the relative velocity. The latter can be
interpreted as arising from a fictitious medium moving with the
ghost, exerting a drag force on the vehicle, proportional to the speed
of thevehicle relative to themedium. This is intuitively right, because
the vehicle should ultimately be stationary in this frame of reference
and feel no spring force or drag force. Thus, the steady-state solution

is rD � 0, for which the defined path is achieved and �F� 0.
As mentioned, the equations represent a generalized form of PD

control. In a standard PD controller, centrifugal force causes the
vehicle to track wide on a turn (Fig. 11a in [14]). In the new method,
reference to the moving frame removes the centrifugal force.

C. Steady States

In a steady state of AL guidance or, equivalently, a geometric
solution whereQ coincides with P, Eq. (6) implies that _rD � 0, and
so u� _seP. As u and eP are unit vectors, there are two steady states,
f_s� 1; u� ePg and f_s��1; u��ePg, corresponding to the
forward and backward tracking of P, respectively. The existence of
two steady states complicates the convergence theory. Even if P is
closed, theremust be two limit cycles in the state space and regions of
instability between them. The main task is to determine which of
these two steady states is achieved from which initial states, and
under what conditions.

III. Relative Motion of Vehicle and Ghost

Having provided the kinetic interpretation, we shall continue to
use it, although bearing in mind that the formulation is really
geometric. Analysis of AL guidance begins by studying the relative
motion of the vehicle and the ghost, determined by Eq. (6) alone.
This equation has some simple consequences. It implies that any
component of rD behaves like a simple, critically damped oscillator.
Its solution has the form

r D � �A� B�� exp����� (7)

whereA andB are constant vectors determined by initial values of rD
and _rD. This implies that rD remains confined to the plane of fixed
orientation, containing A and B for any 3-D motion. Also,

� �log jrDj�=� � � � �log jA�B�j�=� � �� o�1� (8)

as � !1, and so rD may be said to converge exponentially to zero
at rate � � o�1�, a rate which is slightly less than � but ultimately
infinitesimally close to�. The angular velocity vector of the link has
a magnitude equal to the rotation rate and direction along the axis of
rotation in the right-hand sense. It is given by

� D �
rD � _rD
jrDj2

(9)

From Eq. (7),

_r D � �B �A� � B��� exp����� (10)

and so

� D �
A � B

jA�B�j2 (11)

which implies that�D ! 0 as � !1. Consequently, the link has a
limiting direction, and the convergence is quadratic, not exponential.
The angle  between rD and _rD is given by

sin � jrD �
_rDj

jrDjj_rDj
� jA �Bj
jA�B�jjB �A�� B��j (12)

which tends to zero quadratically. Thus, the direction of the drag
force tends quadratically toward the direction of the spring. There are
a few other points of interest.

1) According to Eq. (11), the direction of�D remains fixed, even
for nonplanar motion.

2) For coplanar motion, one can choose an initial ghost state
�rP;uP�, such that the link direction is constant and�D is zero. To do
this, with a given initial r and u, one chooses the initial rP and uP,
such that rD is parallel to _rD � u � uP.

3) If�D is initially zero, it remains fixed at zero, and the direction
of the link remains fixed.

Properties 2) and 3) are illustrated for a straight defined path in
Secs. V and VI for a circular defined path in Sec. VII and, more
generally, at the end of Sec. VII. The properties provide a simple
solutionmethod for a circular defined path. The general convergence
theory it not limited to a fixed link direction, however.

In themethod of [14–16], the link direction changes markedly and
sometimes rapidly, as Fig. 17 of [15] shows. Hence, the speed of the
ghost can change significantly and differ markedly from the vehicle
speed. In AL guidance, the link direction usually changes only
slightly, or not at all if the initial conditions are chosen optimally
(Secs. V, VI, VII, and VIII). Hence, the motion of the ghost is more
uniform and mimics the projection of the vehicle motion on P.

IV. Influence of Relative Motion on Convergence

Conditions for convergence of Q to P will be obtained here (and
in subsequent sections) for various types of paths. In the kinetic
interpretation, convergence and asymptotic stability are synon-
ymous, but the term stability is not used in the geometric setting. The
method used here comprises two distinct steps. The first, studied in
this section, is to show how the relative motion (of rD) affects
convergence, in general. The second, studied in later sections, is to
control the relative motion. Because rD is given by an independent
Eq. (6), the second step can be examined independently. It depends
on the type of motion and whether the link direction is fixed, as
shown in later sections.

A set of states in a kinetic system is said to be invariant if any initial
state in the set remains in the set. For example, any first integral
(or constant of the motion) defines an invariant set. We consider
analogous invariant sets in the differential geometric system of
Eqs. (5) and (6). The state vector is denoted as�� �r; u; s�. The set

0

r

u
Pr

Pe

vehicle 

ghost 

link  

defined 
 path P 

Dr

Fig. 1 Sketch of the vehicle motion and the defined path.
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of states for whichQmeets P isM� f�: rD � 0g. The steady state
with _s� 1 is represented by the invariant set:

i� � f�: u� ePg \M (13)

and the steady state with _s��1 is represented by the invariant set

i� � f�: u��ePg \M (14)

We also consider the disjoint open sets:

I� � f�: u 	 eP > 0g (15)

and

I� � f�: u 	 eP < 0g (16)

Figure 1 illustrates a state in I�. Then, i� 
 I� and i� 
 I�. The
method consists of finding conditions under which I� and I� are
invariant and contracting into their invariant subsets. One notes
the distinction between i� (or i�) and the range or rP�s�, which is a
set in R3, representing P.

Theorem 1. Suppose that e0P satisfies the Dirichlet conditions, and
� > 0 and

j_rDj< 1 (17)

for all �. Then, as � !1 in AL guidance, initial states in I�
converge onto i�, and initial states in I� converge onto i�. The
convergence is exponential with the rate � � o�1�. Also, s is strictly
increasing in I� and strictly decreasing in I�.

Proof. Equation (4) gives

_r D � u � _seP (18)

and so

_r D � eP � u � eP (19)

Using Eq. (17), we therefore get

ju 	 ePj �
����������������������������
1 � ju � ePj2

p
�

������������������������������
1 � j_rD � ePj2

p
>

�������������������������������������
j_rDj2 � j_rD � ePj2

p
� j_rD 	 ePj � 0 (20)

and so ju 	 ePj> 0 for all �, noting the strict inequality. TheDirichlet
conditions imply that eP is continuous, and the differential Eq. (2)
implies that u is continuous, and so u 	 eP is continuous. Then
Eq. (20) implies thatu 	 eP cannot change sign, and so I� is invariant.
The solution in Eq. (7) implies that every state converges to a state of
motion onP. The only such states in I� are in i�, and so every state in
I� converges to i�. Likewise, every state in I� converges to i�.

Equation (7) implies that �r; u� tends exponentially to �rP; uP�
with the rate �� o�1�. In I�, Eq. (20) implies

u 	 eP > _rD 	 eP (21)

Thus, Eq. (18) implies

_s� u 	 eP � _rD 	 eP > 0 (22)

and so s increases strictly up to a steady-state asymptote
� � constant. We note that j_rD � ePj � j_rDj< 1 and 1 � j_rDj2 � 1,
and so Eq. (20) implies

u 	 eP �
�������������������
1 � j_rDj2

p
� 1 � j_rDj2 (23)

in I�. Equation (22) implies

u 	 eP � j_rD 	 ePj � _s � u 	 eP � j_rD 	 ePj (24)

With Eq. (23), this implies

1 � j_rDj � j_rDj2 � _s � 1� j_rDj (25)

and so _s converges exponentially to 1 at the rate � � o�1�. In I�
(similarly) _s < 0, and _s converges exponentially to �1 at the rate
�� o�1�. This completes the proof. □

The condition j_rD�0�j< 1 places restrictions on the initial position
and speed of the ghost, such as _s�0�> 0 in I� and _s�0�< 0 in I�.
These mean that the initial motion of the ghost is not opposed to the
initial motion of the vehicle. During the initial and transient motion,
the speed of the ghost can differ significantly from its steady-state
value. However, Eqs. (17), (22), and (25) show that the direction and
speed of the ghost are well constrained; thus,

0< _s < 2 (26)

in I�

� 2< _s < 0

in I�. Hence, the ghost cannot reverse its direction onP or move very
fast.

The next few sections obtain initial conditions, under which
Eq. (17) is satisfied for straight paths P, circular P, and general P.
These will provide useful conditions for convergence.

V. Tracking a Straight Path in Planar Motion

This section studies a planar path Q converging to a coplanar
straight path P. It provides formulas forQ, and complete conditions
for convergence, plus some simple conditions. Here, one takes the x
axis along P, and so r� �x; y�, rP � �s; 0�, and rD � �x � s; y�, as
shown in Fig. 2. The y component of Eq. (6) is

�y� 2� _y� �2y� 0 (27)

which determines y and shows that the transverse motion is just that
of a critically damped oscillator. It implies that the vehicle behaves as
though it were connected to P by a critically damped spring that is
always normal to P. The components of the vehicle velocity u are

_x� cos � (28)

and

_y� sin �

where � is the angle between u and P. The second equation
determines � and implies that � tends exponentially to zero. The first
then determines x. Thus, the motion of the vehicle is determined and
is independent of themotion of the ghost. One notes that the guidance
laws of [7,14–16] do not have such simple solutions in this case.

The x component of Eq. (5) becomes

�s� 2�_s� �2s� �x� 2� _x� �2x (29)

which shows that the ghost behaves as a critically damped oscillator,
with the forcing term given by the known right side. In this case,
therefore, the ghost is driven by the vehicle, and the ghost motion is
irrelevant. The steady-state solution is s� x and _s� 1, in which the
link is parallel to the y axis. For the special case, where s�0� � x�0�
and _s�0� � _x�0�, onegets s� x for all�, and the link remains parallel
to the y axis.

θ

0

x

y

ghost 

s

u

P 

Fig. 2 Coordinates for coplanar guidance to a straight path. The

vehicle can lead or lag the ghost.
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The condition in Eq. (17) implies j _yj< 1, which Eq. (28) shows to
be necessary here, and Eq. (28) ensures that j�j< �=2. This leads to a
general convergence condition.

Theorem 2. In AL guidance, a planar path Q converges to the
coplanar straight path P if, and only if, �> 0

j _y�0�j< 1 (30)

and

j _y�0� � �y�0�j exp
�
� 2_y�0� � �y�0�

_y�0� � �y�0�

�
< 1 (31)

Proof. Solving Eq. (27) yields

_y� �B� A�� B��� exp����� (32)

and

�y� ���2B� A�� B��� exp����� (33)

where A� y�0� and B� _y�0� � �y�0�. Thus, _y has a single turning
point �y� 0 at

�
 � 2B � �A
�B

(34)

and then

_y��
� � �B exp����
� (35)

If �
 � 0, then it is necessary that j _y��
�j< 1, which is Eq. (31). If
�
 < 0, then the maximum j _yj occurs at � � 0, where _y�0��
�B�1 � ��
�. Then, exp����
�> 1 � ��
, and so Eq. (30)
implies Eq. (31), which completes the proof. □

The maximum value of � can be obtained by solving Eq. (31) by
Newton’s method, but simpler conditions can be obtained as follows.
Figure 3 shows the set S��� of initial states defined by Eqs. (30) and
(31) and the subset where �
 < 0. The figure indicates that S���
contains the set f�jy�0�j � 2; j _y�0�j< 1g, which provides a simple
sufficient condition for convergence as follows.

Corollary 2.a. Suppose that � > 0, j _y�0�j< 1, and

�jy�0�j � 2 (36)

Then, in AL guidance, a planar path Q converges to the coplanar
straight path P, as described in Theorem 1.

Remark. Eq. (36) is satisfied for all � if jy�0�j � 0, and so the
convergence rate can be arbitrarily large.

Proof. The conditions comprise two sets: S� � fB > 0; �A � 2g
and S� � fB < 0; � 2 � �Ag. In S�, Eq. (34) implies �
 � 2x=�,
where x� 1 � 1=B. If �
 � 0, then Eq. (30) suffices for
convergence. If �
 > 0, there are two cases. The first is B � 1,
where Eq. (35) implies 0> _y��
�> �1. The second is B > 1. We
also haveB � j _y�0�j � �jy�0�j< 3, and so 0< x < 2=3 in this case.
Then, Eq. (35) gives

0> _y��
� � �B exp��2 � 2=B� � �e�2x=�1 � x�> �1 (37)

In S�, the case �

 � 0, and the case where �
 > 0 and B >�1 are

again trivial. Otherwise, �3< B<�1, which implies similarly that
0< _y��
�< 1. This completes the proof. □

Figure 3 indicates that S��� is contained by the set fj _y�0�j � 1g
and by the set f�jy�0�j � eg, which provide simple necessary
conditions for convergence as follows.

Corollary 2.b. In AL guidance, a planar pathQ does not converge
to a coplanar straight path P if j _y�0�j> 1 or

�jy�0�j> e (38)

Proof. Convergence fails if j _y�0�j> 1, byTheorem2. If j _y�0�j � 1
and �A > e, then B >�1� e > 0. Hence, �
 < 2z=�, where
z� 1 � e=�2B�< 1, and so

_y��
�<�e1�2z=�2 � 2z� � �1 (39)

(with equality at z� 1=2 only). If �A < �e, then similarly
_y��
�> 1, which completes the proof. □

If � is too large, then the vehicle is driven into the boundary set:

I0 � f�: u 	 eP � 0g (40)

between I� and I�. Then, the curvature of Q becomes infinite, and
the paths fail to converge.

Figure 4 illustrates the solution for which Q starts at coordinates
(0, 100) at an angle of �� 60 degwith the x axis. The ghost starts at
the origin (0, 0), with _s� 0:5 to maintain a fixed link direction.
Theorem 2 shows that convergence will occur if �� 0:026 m�1 but
not if �� 0:027 m�1. The value 0.024 is used in Fig. 4, which
confirms the convergence. Park et al. [14] consider a vehicle speed
of 25 m=s, which would imply a convergence rate of 25�� 0:6 s�1

or a time constant of 1:_6 s, which is very fast. Section X illustrates
how such solutions are influenced by limitations on the turn radius of
the vehicle.

In the method of [14–16], Eq. 4 of [14] shows that guidance

ultimately converges exponentially at the rate��
���
2
p
=L1, whereL1

is the fixed length of the link. There is a small oscillation toward
convergence, because the asymptotic motion is slightly under-

damped. The constraint L1 > jy�0�j implies �<
���
2
p
=jy�0�j, which

is smaller than the rate admitted by Eq. (31); and Eq. (36) admits a
larger rate still. However, limitations on the vehicle turning rate
sometimes confine � to smaller values (Sec. X).

VI. Tracking a Straight Path in Nonplanar Motion

This section studies a nonplanar path Q converging to a straight
pathP. It provides formulas forQ, and some strong (but incomplete)
conditions for convergence.Here, one takes the x axis alongP, and so
r� �x; y; z�, rP � �s; 0; 0�, and rD � �x � s; y; z�. The y
component of Eq. (6) is again Eq. (27), and the z component is

�z� 2�_z� �2z� 0 (41)

which determines y and z, The components of the tangent vectoru, or
of the vehicle velocity vector, may be written in the form
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Fig. 4 An example of coplanar convergence of a vehicle to a straight

path, with some links shown at equal intervals along the vehicle path.
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_x� cos �; _y� sin � cos�; _z� sin � sin� (42)

where � and � are the spherical polar angles of u. The last two
equations determine � and �, and the first then determines x. The
radius vector, normal to the defined path, is rN � �0; y; z�. Then,
Theorem 1 and Eq. (42) show that the path converges if, and only if,
j_rN���j< 1 for all �. As in the planar case, this can be reduced to
conditions on the extreme values of j_rN���j, which can be related to
initial conditions. General conditions analogous to Theorem 2 are
rather cumbersome.More convenient, but incomplete, conditions are
generalizations of Corollaries 2.1 and 2.2 as follows.

Theorem 3. Suppose that � > 0, j_rN�0�j< 1, and

�jrN�0�j � 2 (43)

Then, inAL guidance, a pathQ converges to the straight defined path
P, as described in Theorem 1.

Proof. We choose the Y axis, so as to bisect the angle (2	, say)
between rN�0� and _rN�0�, as illustrated in Fig. 5. Then,

j _y�0�j � j_rN�0�j cos	 < cos 	 (44)

Also, jy�0�j � jrN�0�j cos	, and so Eq. (43) can be written as

�jy�0�j � 2 cos 	 (45)

Corollary 2.a., with Eqs. (44) and (45), implies j _yj< cos	 for all �.
By the same argument, one obtains j_zj< sin	 for all �. As
j_rNj2 � j _yj2 � j_zj2, it follows that j_rNj< 1 for all �. Theorem 1 then
implies convergence. □

Theorem 4. In AL guidance, a path Q does not converge to the
straight defined path P if j_rN�0�j> 1 or

�jrN�0�j> e (46)

Proof. Choose the y axis parallel to rN�0�. Then, Eq. (46)
becomes Eq. (38), and Corollary 2.b. implies j _y��
�j> 1, which
implies no convergence. □

One notes that Theorems 3 and 4 do not provide complete
conditions for convergence, because the interval 2<�jrN�0�j � e is
not covered. Figure 6 illustrates the solution, for which Q starts on
the z axis at coordinates r�0� � �0; 0; 100� m in the �x; y� plane
and makes an angle of 60 deg with the x axis, and so u�0��
�1=2;

���
3
p
=2; 0�. The ghost starts at the origin with _s� 0:5 to

maintain a fixed link direction. Theorem 3 shows that convergence
will occur if�� 0:02 m�1. This is used in Fig. 6, which confirms the
convergence, and illustrates the nonplanar motion of the vehicle.
Park et al. [14] consider a vehicle speed of 25 m=s, which would
imply a convergence rate of 25�� 0:5 s�1, or a time constant of only
2 s. Again, Sec. X illustrates how such solutions are influenced by
limitations on the turn radius of the vehicle.

VII. Convergence to Curved Three-
Dimensional Defined Paths

Here, we give conditions for convergence to a general 3-D defined
path.

Theorem 5. Suppose that e0P satisfies the Dirichlet conditions, and
� > 0, j_rD�0�j< 1, and

�jrD�0�j � 2 (47)

Then, in AL guidance, path Q converges to path P, as described in
Theorem 1.

Proof. As described in Sec. III, rD is confined to a plane (of fixed
orientation). In this plane, one chooses orthogonal axes Y and Z,
of a fixed direction, and one writes rD � �yD; zD� with components
relative to these axes. Then, Eq. (6) becomes

�y D � 2� _yD � �2yD � 0; �zD � 2�_zD � �2zD � 0 (48)

Using the method of Theorem 3, one obtains the proof. □

It is notable that the conditions do not depend explicitly on the
shape of the defined path, though the orientation of the defined path
at the initial ghost position influences the initial value of _s via the
constraint on j_rD�0�j. Comparison of Eq. (43) with Eq. (47) shows
that Theorem3 is stronger thanTheorem5 for a straight path, because
jrNj � jrDj. The Theorems coincide only if the chosen plane is
normal to the straight path.

The condition in Eq. (47) shows that a vehicle can track to any path
from an arbitrarily large distance jrD�0�j by choosing a small enough
�. In practice, this could produce slow convergence, and so it would
be more practical to steer toward the path and initiate guidance only
when a suitably large � is possible. Because jrDj ! 0 as � !1,
one can subsequently accelerate convergence by choosing a larger�
consistent with Eq. (47).

One can choose the initial ghost position and speed so as to
maximize the convergence rate. First, Eq. (47) shows that � can be
maximized if jrD�0�j is minimized. The latter is achieved if the ghost
is initially located on the normal to the path through r�0�, so that

r D�0� 	 eP�0� � 0 (49)

Convergencecanbe further improvedbychoosinganoptimal initial _s.
FromEq. (7), we have jrDj2 � q exp��2���, whereq� jA� �Bj2,
A� rD�0�, andB� �rD�0� � _rD�0�. Using Eqs. (18) and (49), one
gets q� q1 � �2q2, where

q2 � ju�0� � _s�0�eP�0�j2 (50)

and q1 does not involve _s�0�. A variation of q2, with respect to _s�0�,
shows that q2 is minimal if

_s�0� � u�0� 	 eP�0� (51)

Thus, the component of velocity of the vehicle, parallel toP, initially
equals the speed of the ghost. The result is summarized as follows.

Theorem 6. In AL guidance, under the conditions of Theorem 5,
the highest rate of convergence is achieved if the initial ghost position
and speed satisfy Eqs. (49) and (51).

The latter conditions imply that _rD�0� and B are normal to eP�0�.
Hence, rD (and consequently _rD) are confined to the plane normal to
eP�0� for all �. Equivalently, Eq. (9) implies that�D remains parallel
to eP�0�. Examples are given in Sec. IX. For coplanar motion, rD and
_rD remain parallel to rD�0�, and�D � 0. The examples of Sec. Vand
VIII illustrate this.Fig. 5 Choice of coordinate axes in the proof of Theorem 3.
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Fig. 6 An example of nonplanar convergence of a vehicle to a straight
path, with some links shown at equal intervals along the vehicle path.
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There is no simple analogue of Theorem 4, giving necessary
conditions for convergence, because the shape of the defined path is
involved in a complex way. The next example illustrates this.

VIII. Tracking a Circle in Planar Motion

Here, we study planar tracking to a circular path. The initial ghost
conditions are chosen optimally, according to Theorem 6, producing
a fixed link direction. Then, Eqs. (5) and (6) simplify, and more
explicit detail can be obtained. For the geometry in Fig. 7, the link
direction is taken along the x axis without loss of generality.

Then, rD � �xD; 0�, where xD � x � xP, and Eq. (6) becomes

�x D � 2� _xD � �2xD � 0 (52)

which has the solution in Eq. (7). Because the link direction is fixed,
the y components of the velocity of the vehicle and the ghost are
equal, and so

sin �� _s cos � (53)

The x components of velocity are related by

_x D � _s sin �� cos �� cos�� � ��
cos �

(54)

where Eq. (53) has been used. The initial conditions determine xD�0�
from Eq. (52). Also, xP � R cos �, which determines ��0�, whereas
the initial direction ofQ gives ��0�. Then, Eq. (54) determines _xD�0�.
Thus, Eq. (52) determines xD��� for all �, and so the x tracking
deviation is determined independently of the y motion. Initial
conditions _s�0�> 0 and ��0�> 0 lie in I�, and the condition in
Eq. (17) on � ensures that the motion converges to anticlockwise
tracking of the circle. Taking s� 0 when y� 0, one has s�0� �
R��0� and �� s=R. Then, Eq. (22) becomes

_s�
���������������������������
1 � _x2Dcos

2
s

R

r
� _xD sin

s

R
(55)

which is a (nonautonomous) differential equation for s. The solution
and Eq. (53) determine �. The position of the vehicle is obtained by
integrating

_x� cos � and _y� sin � (56)

The ghost will reach the apex of the circle, at which �� �=2. Then,
Eq. (53) implies �� �, and so _y� 0, which implies that the vehicle
path then reaches an apex too. This is evidently necessary for
consistent geometry. At this point, one simply has _s� 1 � _xD.

Theorem 5 implies that the vehicle path converges to the circle if
� > 0, j _xD�0�j< 1, and �jxD�0�j � 2. Equation (54) shows that the
vehicle path does not converge if j _xDj ever exceeds 1= cos �.
However, � involves the absolute motion, and so this does not
translate into simple conditions on the initial state.

Figure 8 illustrates the solution for a circle of radius 250 m. The
path Q starts at coordinates ��125; 0� m at an angle of �� 30 deg
with the x axis. The ghost starts at point (250, 0) m on the circle with
_s� 0:5, as Eq. (53) requires. The condition in Eq. (47) shows that

convergence will occur if � � 2=375� 0:005_3 m�1. The value
chosen is�� 0:005 m�1, and Fig. 8 confirms the convergence. Park

et al. [14] considers a vehicle speed of 25 m=s, which would imply a
convergence rate of 25�� 0:13 s�1, or a time constant of 7.5 s.

Figure 9 illustrates the solution with only the initial vehicle
position changed to (750, 0) m.Here, Eq. (47) implies convergence if
� � 2=500� 0:004 m�1, which is the value chosen. The figure
again confirms this convergence.

Section X illustrates how these solutions are influenced by
limitations on the turn radius of the vehicle. If themotion initially lies
on the boundary set I0 with ��0� � 0 and ��0� � 0, then s remains
zero, and so path tracking does not occur.

Other initial directions of the link could be chosen, providing
some additional control on the path taken by the vehicle. By con-
trast, the vector field method [7] determines a unique path to the
circle. The method of [14–16] would not converge in these cases,
because the initial length of the link exceeds the radius of the circle.

IX. Geometric Equations for Q
in Standard Differential Form

Here, the AL guidance Eqs. (2) and (5) forQ are transformed into
ordinary differential equations in standard form. This removes the
awkward algebraic Eq. (5) and provides a much simpler way of
computing Q for a general P. Some examples are given. It will also
provide a means of limiting the curvature of the path (Sec. X). The
transformed equations are

_r� u (57)

_u� �eP �
�G� � u

eP 	 u
(58)

_s� � (59)

ζ

θ

R

u

),( yx

O 

P 

s 

Dx
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Fig. 7 Variables for the circle tracking solution.
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Fig. 8 An example of convergence to a circle in planar motion.
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Fig. 9 Another example of convergence to a circle in planar motion.
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_���
�G 	 u
eP 	 u

(60)

where

�G� �2e0P � �F (61)

In the kinetic interpretation, � is the speed of the ghost and _� is its
axial acceleration. These are eight first-order nonlinear differential
equations for r, u, s, and � in standard form. To derive the equations,
we restate Eq. (2) as

_u� _uP � �F (62)

From Eq. (4)

_u P � _�eP � �_eP � _�eP � �2e0P (63)

Writing Eq. (5) in the form u 	 u� 1 and differentiating gives
_u 	 u� 0, and so Eq. (62) gives

0� _uP 	 u� �F 	 u� _�eP 	 u� �G 	 u (64)

which gives Eq. (60). Then, Eqs. (62) and (63) give

_u� �G� _�eP � �G �
�G 	 u
eP 	 u

eP (65)

which gives Eq. (58).
The reduction depends on the assumption thateP 	 u ≠ 0, which is

satisfied in the sets I� and I� but excludes the boundary set I0. The
essential idea behind the previous transformations is as follows.

Equations (62) and (63) comprise four differential equations for _� and
the three components of _u, forming a composite system with a 4 � 4
matrix of coefficients. The method effectively inverts the matrix to

obtain _� and _u explicitly.
Equation (58) ensures that u remains a unit vector if it is initially

so. Thus, the constraint in Eq. (5) is no longer required. Hence, both r
andu can be expressed in Cartesian coordinates, which is convenient
for solving Eqs. (57–60) numerically. The initial values r and u are
given, whereas initial values of s and �must be chosen. They can be
chosen, according to Theorem 6, to obtain the greatest rate of
convergence.

Equations (57–60) are very convenient for computing vehicle
paths, such as the examples in Figs. 4, 6, and 8, and the following
examples. Figures 10 and 11 illustrate nonplanar convergence to the
circle of Fig. 8. The pathQ starts at position r�0� � �100; 0; 200� m,
which is 200 m above the horizontal circle in the �x; y� plane.
The path makes an angle of 30 deg with the x axis, and so u�0��
�
���
3
p
=2; 1=2; 0�. Theghost starts at the point rP�0� � �250; 0; 0� m,

and so jrD�0�j �
��������������������������
1502 � 2002
p

� 250 m. Initially, _s� 0:5, and so
the projection of the link on the �x; y� plane has a fixed direction. The
link itself does have a fixed direction but remains normal to eP�0�, as
describednear the endofSec.VII.Theorem5shows that convergence
will occur if � � 2=250� 0:008 m�1. This is used in Figs. 10 and
11,which confirm the convergence.Avehicle speedof25 m=swould
imply a convergence rate of 25�� 0:2 s�1, or a time constant of 5 s.
The termination point in Fig. 10 represents 60 s at this speed.

A helical path is convenient for climbing or descending while
maintaining horizontal vicinity. Figure 12 illustrates convergence to
a defined helix on avertical cylinder of radius 250m, having a one-in-
five climb or pitch. The initial state of the vehicle and ghost, and the
value of �, are exactly as in the preceding example. One notes the
similarity of the initial vehicle trajectory here to that in Fig. 11.

Figure 13 illustrates how the guidance logic can track to an
articulated path comprising lines and arcs. It also shows that
guidance can direct the vehicle to cross one segment ofP and follow
another segment. Here, the paths are coplanar, and P involves a U-
turn. The vehicle is required to track toward the lower straight line at
y��100 from a starting position of r�0� � �0; 200� m above the
upper straight line at y� 100. This is achieved by locating the ghost

initially at rP�0� � �0; � 100� m. The straight lines extend for
500 m and are linked by a semicircle of radius 100 m. The vehicle
pathQ is initially parallel to thex axis, and sou�0� � �1; 0�. Initially,
_s� 1, and so the link has a fixed direction. Theorem 2 shows that
convergence occurs if � � e=300� 0:00906 m�1. The value ��
0:008 m�1 is used in Fig. 13, which confirms the convergence. A
vehicle speed of 25 m=s would imply a convergence rate of
25�� 0:2 s�1, or a time constant of 5 s.

The method of [14–16] could not produce such convergence,
because it would require a link of a length greater than 300m to track
to the lower arm, but a link of a length less than 100 m to track the
circle. The vector field method [7] would be complicated, because
the vehicle initially lies in the field of the upper arm of the U. The
switching on and off of fields would have to be carefully managed.

X. Curvature Limits on Vehicle Capability

This section considers the effects of placing a limit K on the
curvature ofQ, which is a typical practical limit for real vehicles. For
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Fig. 10 Plan view of nonplanar convergence to a circle.
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Fig. 11 Side view of nonplanar convergence to a circle.
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Fig. 12 Side view in the y direction of convergence to a helix.
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an aircraft (for example),K will depend on the speed and air density,
hence on altitude and temperature. It will also depend on the plane in
which the turn occurs, because vertical turns have different limits
from horizontal turns. However, to simplifymatters, we suppose here
that the absolute curvature � of Q is bounded; thus,

� � K (66)

First, this must be satisfied in the steady state, and so it is necessary
that the curvature �P of P satisfies �P � K. Second, it is fairly clear
from Theorem 1 that, provided j_rD�0�j< 1, one can satisfy Eq. (66)
and achieve convergence by choosing a small enough �, because
�! 0 as �! 0. If j_rD�0�j is not close to 1 and �P is not close toK,
then a larger � can be chosen. Here, we estimate how large � can
be. As

j _uj � � (67)

we need to bound j _uj. Equation (58) for _u involves �G, which can be
written as

�G� �2�PnP � �F (68)

where nP is the inward normal on the osculating plane [22]. Then,
Eq. (58) implies

j _uj � j �Gj
ju 	 ePj

� �
2�P � j �Fj
ju 	 ePj

(69)

Bounds obtained previously, for the purpose of proving con-
vergence, merely ensure that ju 	 ePj does not fall to zero. For the
present purpose, one evidently needs to bound u 	 eP well away
from zero. First, Eq. (20) implies

ju 	 ePj �
�������������������
1 � j_rDj2

p
(70)

because j_rD � ePj � j_rDj. To bound j_rDj well away from 1,
consider the energy function:

E� �2jrDj2 � j_rDj2 (71)

The first term represents the elastic energy in the fictitious spring.
The second represents the kinetic energy of the vehicle (of notional
mass 2) in the frame of reference moving with the ghost. Using
Eq. (6), we get

_E� 2�2rD 	 _rD � 2_rD 	 �rD ��4�j_rDj2 � 0 (72)

The Dirichlet conditions and the differential equations imply that _rD
is continuous, and so _E is continuous (i.e., it exists), even though _u
and �s could have discontinuities. Then, we have

j_rDj2 � E��� � E�0� (73)

and so Eq. (70) implies

ju 	 ePj �
�������������������
1 � E�0�

p
(74)

Incidentally, the decrease of E shows that a set f�: E < cg is
invariant for any constant c. Now, suppose that

�jrD�0�j �
�������������������������
1 � j_rD�0�j2

p
(75)

which evidently confines � to smaller values than those admitted
by the convergence condition in Eq. (47). Then, E�0�< 1, and so
Eq. (74) provides a real bound. Next, we bound the numerator of
Eq. (69). From Eq. (22),

j�j � j_sj � ju 	 ePj � j_rD 	 ePj � 1� j_rDj � 1�
����������
E�0�

p
(76)

Also, Eq. (71) implies

jrDj2 � E���=�2 � E�0�=�2 (77)

and so

j �Fj � 2�j_rDj � �2jrDj � 3�
����������
E�0�

p
(78)

Combining Eqs. (67), (69), (74), and (78), one obtains

� � �1�
����������
E�0�

p
�2�P � 3�

����������
E�0�

p
�������������������
1 � E�0�

p (79)

This limits ���� at each point � of Q in terms of �P�s� at the linked
point s��� of P. With Eq. (66), this puts an upper limit on the current
choice of �. Suppose the largest curvature on P is ��P, and define

b��� �
����������
E�0�

p
< 1 (80)

and

f��� � 3�b��� � �1� b����2 ��P �
���������������������
1 � b���2

p
K (81)

Then, Eq. (79) implies that Eq. (66) holds for all � if

f���< 0 (82)

Evidently, f��� " as � ", and so Eq. (82) implies � < �� for the
unique ��, satisfying f� ��� � 0. Also, f��� " as ��P ". Hence, �� # as
��P ", and so a smaller � is required for defined paths of greater
curvature, as expected. A positive �� is possible only if f�0�< 0,
which places an upper limit on ��P for these estimates to be useful:

�� P <

���������������
1 �D2
p

�1�D�2 K (83)

where D� j_rD�0�j is the initial divergence rate. In the following
examples, a miniature UAV has the speed V � 25 m=s, as in [14],
and a turning limit of K � 1=50 m�1, say, at this speed.

Example 1. P is a straight line. The UAV is initially on the defined
path, and so rD�0� � 0 but is diverging from the path at rate 10 m=s.
The divergence rate (per unit distance � along Q) is D�
10=25� 0:4. Then, Eq. (80) gives b�D, and Eq. (82) becomes

� <
K

3b

���������������
1 �D2
p

� 0:0153 m�1 (84)

The time constant for convergence is 1=�V � 2:6 s. Here, the
condition Eq. (75) does not limit �. The initial state implies that Q
remains coplanar with P.

Example 2. P is a straight line. The UAV is initially jrD�0�j �
100 m from the path and not diverging, and so D� 0. Then,
b� �jrD�0�j, and the equation f� ��� � 0 reduces to a quadratic
equation for ��2. The solution gives ��� 0:00692 s�1, or a time
constant of 5.8 s. The condition in Eq. (75) requires only
�< 0:01 m�1, which does not constrain � further. The initial state
does not constrain Q to be coplanar with P.

Example 3. P is a circle of radius 250 m, as in [14], and so
��P � 1=250 m�1. For the initial conditions of example 1, Eq. (82)
becomes
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Fig. 13 Convergence to a U-shaped path across one arm of the U.
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�<
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3b
�
���������������
1 �D2
p

K � �1�D�2 ��P� � 0:00874 m�1 (85)

or a time constant exceeding 4.6 s. Again, the condition in Eq. (75)
does not limit�. Here, Eq. (83) shows that the estimates do not yield a
positive �� unless the radius of the defined circle exceeds 107 m. The
initial state does not constrain Q to be coplanar with P.

Example 4. P is a circle of radius 250 m. For the initial
conditions of example 2, solving f� ��� � 0 numerically gives
��� 0:00516 m�1, or a time constant exceeding 7.8 s. Again,
Eq. (75) does not constrain � further. The initial state does not
constrain Q to be coplanar with P. The estimate of �� does not
depend on whether the vehicle is initially inside or outside the
circle.

The bounds used in Eqs. (69–82) are not tight, and so the
calculated �� is often smaller than is really required. The bounds have
the merit of not being very sensitive to the details ofP or to the initial
configuration, as example 4 shows.

In the method of [16], the considerations for constraining � are
somewhat different. There, the fixed length of the link is constrained
by the scenario, and so it is natural to supplement guidance by a
curvature limit, in which turning occurs at the constant �. In AL
guidance, there are no such constraints on the rate parameter �, and
so it is natural to use the turning limit to constrain �.

XI. Kinetic Equations in a Fixed or Moving Medium

The simplest vehicle motion along the path Q is a constant speed
V, this being the ground speed (or inertial speed). For an aircraft in
level motion in still air, this is approximately feasible and, likewise,
for a watercraft in the absence of a current or wind. In this case, the
geometric Eqs. (57–60) are easily transformed into kinetic equations
by substituting the time t for the distance� � Vt. Thesewill be stated
later.

In a moving medium, a vehicle (such as an aircraft) knows its
ground velocity V from its INS–GPS system, and it can measure its
velocityU (relative to the medium) using onboard systems. They are
related by V � U�W, where W�r; t� is the velocity field of the
medium. For an aircraft, W is the wind (or air mass) velocity. In
practice,Wmight not be accurately known by the vehicle, especially
in a turbulent medium. Only limited information about W might
be available from fixed monitoring stations. More sophisticated
navigation systems can often infer W. However, the guidance law
does not require a knowledge ofW. For a watercraft in still air,W is
the velocity of the water current. The additional effects of wind on a
watercraft are more complex, and they are beyond the scope of this
paper. The following mathematics admit a general fieldW. In a real
vehicle, the measurement of U and its alignment with the vehicle
might be problematic if W is too variable.

We suppose that the vehicle travels at the fixed relative speed
U� jUj. For an aircraft, U is the airspeed, which is often fairly
constant. Then, dV=dt is normal toU. Also,V � Vu, but the ground
speedV is not constant in amovingmedium. The speed of the ghost is
denoted byw. The resulting differential equations in the kinetic state
variables r, V, s, and w, are

dr

dt
� V (86)

dV

dt
� �V �H � V� � U

V 	 U (87)

ds

dt
� w (88)

dw

dt
�wV 	H � U

V 	 U � J (89)

where

H � eP �G

eP 	 V
(90)

and

J� G 	 V
eP 	 V

(91)

Here

G � V2 �G� w2e0P � F (92)

and

F � V2 �F���2rD � 2�
drD
dt

(93)

and �� V�, which is not constant if V varies. Now, F has the
dimensions of force and � the dimensions of frequency, and so the
kinetic meaning is more direct. The equations are derived as follows.
The ground speed is V � d�=dt. Differentiating the ground velocity
V � Vu gives

dV

dt
� dV

dt
u� V2 _u (94)

Because this is normal to U, its scalar product with U gives

dV

dt
��V2

_u 	 U
u 	 U (95)

Putting this in Eq. (94) gives

dV

dt
� V2

V 	 U �V � _u� � U (96)

This formula can also be used in simulations or, if W is known,

by replacing U by V �W. Because G� V2 �G, Eq. (58), can be
written as V2 _u�H � V. Putting this in Eq. (96) gives Eq. (87).

The speed of the ghost isw� V�. Equation (60) may bewritten as
_���J. Thus, we get

dw

dt
� � dV

dt
� V d�

dt
� w
V

dV

dt
� J (97)

Differentiating V2 � V 	 V and using Eq. (87), one gets

1

V

dV

dt
� V

V2
	 dV
dt
� V 	H � U

V 	 U (98)

Putting this inEq. (97) givesEq. (89),which completes the derivation
of Eqs. (86–89).

The equations can easily be solved numerically using Cartesian
components for both r and V, because there are no constraints. The
command acceleration is given by Eq. (87), but this involves s andw.
Thus, its value is not known explicitly in terms of the current state
variables r and V. The vehicle needs to compute the acceleration by
incrementing the differential equations to find the current values of
the ghost variables s andw. This is similar to the method of [14–16],
in which the location of the reference point must be determined
incrementally in order to compute the command acceleration.

For a fixed medium, we set U� V in Eqs. (87) and (89), which
reduce to

dV

dt
�H � V (99)

dw

dt
��J (100)

Now, V and � are constant. As mentioned, these equations can easily
be obtained directly from Eqs. (58) and (60) by substituting � � Vt.
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Figure 14 illustrates a circle tracking simulation with the same
parameters as those used in Fig. 8, except that the vehicle now has a
fixed speedU� 25 m=s relative to the medium, and there is a strong
wind or current in the x direction with speed W � 20 m=s. The
duration is 130 s. The path is identical to that shown in Fig. 8,
confirming that the path is independent of the motion of the medium.
The whiskers indicate the direction of U at 2 s intervals, and so the
spacing indicates ground speed V. This varies between 5 m=s, when
heading against the current, to 45 m=s, when heading along the
current. The whiskers would also indicate the direction of the body
axis of an ideal vehicle in the absence of pitch or yaw.

XII. Conclusions

A new guidance logic for a vehicle tracking exactly toward a
defined path of any smooth, 3-D shape has been formulated and
shown to have good convergence properties. Some recent methods
track exactly only to straight paths and circles in planar motion.
Kinetic equations and command accelerations have been formulated
for constant relative speed in a moving medium. This includes a
constant speed in a fixed medium as a special case. These are
reasonable assumptions for water surface vehicles and for aerial
vehicles in levelflight.Theyarealso reasonable for anaerial vehicle in
a steady climb or descent angle, including a helical path. For more
general paths, one could consider speed variations consistent with
vehicle performance and gravity.

The new method is more complex, in some ways, than a previous
method based on a moving reference point. In general, it results in
one more differential equation. However, in the case of a straight line
and a circle, the new solutions are simpler.

In a fixed medium, limits on vehicle turning capability have
been used to limit the convergence rate parameter. There is scope
for refining these estimates, extending them to a moving medium,
and allowing for different limits on horizontal and vertical turning
capability. One could also investigate the effects of turning at the
constant curvature limit, when the command curvature exceeds
this value.
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